Needham, Visual Complex Analysis, Notes on Chapter 9
G. Palmer, November 15,2017, 12:25 am PT

p- 429, last sentence. Deduce that

L ¢ L9 _9 fa)

2ni z—a

Refer to (1), p. 427, which is Cauchy’s formula on a simple loop, where f(z) is analytic on and
inside L, and a is a point inside L:

6 2 =@ (1)

2ni

If an integral of an analytic function g(z) equals f(a) on a simple loop, as in (1), where g(z) = i—za) ,

then the integral of g(z) on two congruent loops (a small circle traversed 2 times) must equal 2 f(z).

We can also deduce it directly from the statement of Cauchy’s Integral Formula in Ch. 8, Ex. 24, on
p- 425: If fis analytic inside K [a closed contour], then

¢ %dz:Zﬂ*in(Z)

p. 431, find the image &€ under 7 — z = f(z) of a short vector emanating from a. Ignoring a term

proportional to €%, we find [exercise] that

ng(a+§)-f‘(a)=[igg¢dz]§

2ri [z=(a+&)]? (z—a)
We can write

f'(a) = w

We are given in (4) that

_ 1 £ J@
fa) = 21i JL (z—a)? dz

We will need the expansion of f(z) (z — [a + .f])z:
f(z) (z - [a +&])? =1(2) (z2 2la+ €z + [a2 +2af + £%)

f(z) (% -2az + a?) - f(2) 2 € z + f(z) 2a¢ + f(z) &2
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f(z) (z—a)? - (z) 2¢ (z-a) by grouping and deleting &2 2)

Then

E=f@+-T@= 3§ —homdz-§ Lodz]

_f f@
=5 4l lardl ar ] 9

1 @ @=a)*~f(2) z=[a+£])
T 2ri ﬁ[ (z—[a+¢€] 1)? (z—a)? ] dz

§L[f<z)<z a?~(f(2) (z—a)* - f(2) 2£ (z—a))
= 2 (z—[a+€))* (z—a)?

]1dz by substitution from (2)

_ 1 2£ f(2) . . )
=55 ﬁ—(z—[af{:])z p— dz add like terms, div. top and bottom by (z-a)
= [= ﬁdeZ] ¢ move constants outside integral

27 JL (z-[a+£])? (z-a)

p- 433. Verify the two equations in the middle of the page and the limit limy_, fy(z) = f(z). This
problem was not posed by Needham, but I found the page to be heavy slogging, so I wrote up some
notes.

f2) - fu(@ = 50 § TP (2 - 5 & BP /2N az

_ 1 r /@ 1 N-1
BELTR (1—(z/Z)'(Z/Z) )dZ

- ZLM C %(1_(1%' [1 + (Z/Z) + (Z/Z)2 4 e (Z/Z)N—l]) dz

_ 1 ¢ f@, @)
T2xiJC z (1 (z/Z))dZ

Vasco pointed out in the forum that [1 + (z/Z) + (z/ Z)?> + - + (z/ Z)¥~!] can be written %

Then
1 1-@z/2)Y _ @2V

1-z/2)  1-/2) ~ 1-(z/2)

We could also derive it as follows:

1+ @ZZ) + /2 + @/ Z) + - 1- 1+ (@ZD) + 2/ 2)* + (2 2)* + - 2/ 2V ]
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=@/2N + @/ 2V + 2/ 2N+

=@/2N 1+ @) + @/ 2P + 2/ Z2) + - ]

_ N1 @
= GID0n = e

This verifies the equation. Then, from the last equation on p. 432 and from q 1, line 2, p. 433, it
follows that

_ L [@ 1 1@z
f@-Ia= 5% 7 g l(z/Z)] dz

_ 1 1@ @2
T 2niJC Z [1 (Z/Z)]dZ

_ 1 @D fe
T 2ni 56C (Z-2) dz

Then we can establish that fy(z) tends to f(z) as N tends to infinity. The modulus of an integral

cannot exceed the product of the length of the path and the maximum modulus of the integrand at
points on the path.

if(z) - fn(@)| = |2m §C (Z/(ZZ) f)(Z) dZ 1 < Circumference(C) - -— max [| f (2) / (Z - 2) | lz/Z|V]

The length of the path is the circumference of C, which is 2zR. But Iz/Z |V shrinks with increasing
N, so we need only maximize the modulus of If (z)/(Z-z)!:

M = max([f (z)/(Z-z)]

Rewrite with substitutions for path length and maximum modulus.

If(2) - fu@)| = 2L MIz/2) N =RMI(z/Z) |Y

Then limy o, I(z/Z) [V =0, 50 limy_,, If(z) - fv(2)| = 0, and limy_., fy(2) = f(2).
p. 434, Italics are quotes or partial quotes.
(n)
fo) = Yoy =2 @ —ay

Alternatively [exercise], the existence of this series may be deduced by directly generalizing the
argument leading to the origin-centred series.

If f(z) is analytic on and inside a circle of radius R centred on a point a, then f(z) may be expressed
as a power series that converges on this disc:
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f(z) =co+ci(z—a) + ca(z—a)* + c3(z—a)® +
It follows that the coefficients ¢, may be expressed as

_ ["@

n— nl

so the power series is actually a Taylor series, and the coefficients do not depend on R:
] (3)
f(z) = f(a) + F@)(z-a) + 2@ - + 52 @ -a) +
o (n )( )
= Of n!a ( — a)2
This is what we wanted to deduce. To verify it, we continue as Needham did:

To establish the existence of this series, we return to Cauchy’s formula (1):

_ 1 /@) _ 1 f@ 1
f(Z) C (Z-a)-(z—a) dz = 2niJC (Z—-a) [ 1-(z—a)/(Z—a) ]dz

Since 7 is inside the circle on which Z lies, 1z-al < |Z-al = R, and (z-a)/(Z-a)l < 1. Thus, [W]

may be viewed as the sum of an infinite geometric series, and

f2) = s=§ L1+ (- )/ Z- )+ (c-a) | Z - P + (c-a) | Z - ) + -] dZ

Provided it makes sense to integrate this infinite series term by term, we deduce that f(z) can indeed
be expressed as a power series:

2 1 f@
f(z) = 3,20 cn (z—a)”, where ¢, = 271 % Goar dz ®)
Consider the sum fy(z) = 0 ¢, (z—a)? of the first N terms of the series (8) [not same as Need-

ham’s (8)]. The result will be established if we can show that fn(z) tends to fy(z) as N tends to
infinity. By our previous reasoning from p. 433,

1 1-(z=a)/Z-a)" _ (z=a)/(Z-a)"

1-(z-a)/(Z-a))  1-(@-a)/Z-a) ~ 1-(z-a)[(Z-a))

It follows that

1 Z-a)N F(Z
f(z) - fu(z) = 70§ ATV TE “)/((Z = @47,

Let M = max If(Z2)/(Z-z)|.



|f@-fv@|<RM |z-a)/Z-a)|"

Thus, lim,__,fn() = f(z), as was to be shown.

p. 438 [exercise] at top of page.

Given that
. dz
I=-2i §C vy from p. 437, bottom
— 9 . 1
=-2i (2ni Res[ Ey—e q]), (1)
S - -
and let f(z) = p_ I(z-q), P(z) = > Qz)=z—¢q
Then
1 P _ 1 _ 1
Res[(z—p) @)’ q] T Q0@ =p  aqp
and substituting into (1),
1—4nRes[ ! ]—4—” )
B enea’ 1T

Now [exercise] show that (top p. 438)

I:4R|:1’]:471:27r
TRes (z=p) (z—9) q (g—p) [

2+2az+1= (z-p)(z-q)

Since p and q are singularities, (z-p)(z-q) =0 when z=p or z=q, so

Z+2az+1=0

= —2a+\ Qa4

nh.ch9.notes.nb | 5
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Ifq=-a +ya*-1 ,thenp=—a -\a*—1.

Alternatively, since pq =1,

IS 7=y
-a +\/ﬁ (—a —\/az—l )(—a +\/a2—1 )

_meNe-l 2
T o2-d2+1 a a

then

gp=-a+Va-1-(-a-ya*-1)
=2V a’ -1

Substituting into (2),
I= Ar _ 4r _ _2x
q=p 2y a?-1 \/ a*-1

Hence, we have shown that

4n  _ _2nm

1
el =i =01

I=4n Res[

p- 438. Derivation of series for cot zz.

CoOSTmZ

cotnz = cos(nz) csc(nz)

sin 7z

Then convert to series and divide cosecant by nz.
p. 438-439, S 111, SS 4

Beginning with q| 3, the method is to rewrite g(z) = (1 / zz) cot(rr z) as a Laurent series and find the

residue. Since f(z) = (1 / zz) is non-singular at n and cot(rr z) is periodic, then
Res[f(z) cot(nz), n] = f(n) Res[cot(rz), O]
or, where f(z) is non-singular at n, and h(z) is periodic,

Res[f(z) h(z), n] = f(n) Res[h(z), 0].
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Where is this justified in the text? From this equation, we get Res[l / z? cot(m z),n] = 1 / (7‘(1’12).

p-439, S8 111, SS 4, q 1. Note that if f(z) is any analytic function that is non-singular at n, then

Res[f(z) cot(r 2), n] = f(n)

This may also be verified using (11): Res[f(z), a] = g(fa)) , where f(z) has a "simple" (i.e. order 1)

pole at a as a result of Q having a simple root at that point.
Substitute f(z)cot(rr z) for f(z) and n for a in (11):

S (2) cos ( 2)
sin(rr z)

Res[f(z) cot(mr z), n] = Res| ,n]

We know that f(z) cot(r z) has a simple pole at n because sin has a Taylor series with a simple root
at n. And of course, sin(zrn) = 0. Then

Res[f(z) cot(r z),n] = Jf(n)cos (n2)

(sin(rr 2))'

_ fmcos(rz) _ 1
- 7 cos(m z) T

fn)
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. I (N+1/2)(1+i)
|
|
|
|
|
|
|
o
00— 0 0 0 0 0 0 0 0 0 0 0
-1 1 2 N|4 5

from Figure [5], p. 440

p. 439

Needham established that

Res[ZL2 cot(nz), 0] =— 73—r (corresponding to pole of order 2) (N
Res[ZL2 cot(rz), n] = # (corresponding to singularities at n) (2)

The underlying generalization here seems to be that Res[f(z) h(z), n] = f(n) Res[h(z), 0], where n is
non-singular at n and h(z) is periodic. Where n is singular, we have to find the Laurent series and
the residue of 1/z. We can use Res[h(z), 0] where h(z) is periodic and Res[h(z), n] = Res[h(z), 0].

Euler used a different method when he developed the proof of 3,72 n% = "6—2, where n is a positive

integer. Whoever developed the proof in our text must have known the values in (1) and (2). For
this proof, one needs terms of known value in an equation with 1 / n*. We see from this page that

the residue Res[f2 cot(rz), n] contains 1 / n’. A contour integral based on residues could provide

the known quantities for the equation: the value of the contour integral and the value of other

residues. Needham provided a suitable contour integral based on the function g(z) = Z% cot(nrz)

applied to the square closed contour in Figure [5].

How did the developer of this proof know to use the whole square? He might have used just over
half of the square by drawing the left side at x = -1/2 (dotted line, Figure [5], S’). With this arrange-
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ment, as N increases, we no longer have a square. We have a rectangle that expands horizontally to
the right and vertically in both directions while maintaining a side of expanding length at -(1/2). The
rectangle encircles the origin and includes N poles in the positive real integers. We need to show
that |9%,g(z)dz| < Max|(1 / z?)| (length of perimeter) —s 0. This amounts to showing that |z| > N for

all z on S’. On the left vertical side, we can only claim that |z| = 1/2. Thus, we have not met the
criterion that |z| > N throughout S’, so we can’t say that |1 /2% | <1 /N?. Hence, we can’t claim

that |36S,g(z)dz| — 0. S as drawn and constructed permits us to claim |z| > N for all zin S.

p- 440, We begin with the horizontal edges, y = -_F(N + ) Since | etz | = ¢*™ [demonstrated

below], it is not hard to see [exercise] that if N is reasonably large then Icot(nz)l is very close to 1.
Show | etim | =™
|e_mz | — ‘ei-z/r(xﬂy) | — |ei-(1/rx) Fy | = pFMy

Then

zr/ + e—m/

—inz

|cot(nrz)| = |

e2i7u +1
62 inz _ 1

ez ez 4 pminz
ez iz _ gminz

If |2 77| is very small, then |cot(nz)| is very close to 1. Since

e — ¢

7| =e?™, andy = r(N + é), then

|e? ™| = 72 becomes very small for increasing positive N (“N is reasonably large”), and |cot(nz)|
is very close to 1.

Finally, on the vertical edges we have z = +(N + é ) + iy, and it follows [exercise] that

\cot(nz)| = |1‘— | <1

1+e32m

—inz

Multiply top and bottom by e

. evrz inz  o-inz-inz 1 + e 2inz
|C0t(7rz)| - emz inz _ ﬂzrz inz - 1-— e*ZiﬂZ
The numerator:
. 1 .
| 1+ e—2m[i(N+5)+zy]| _ |1 + F2iNFin+21y

— |1 _ eiZniN+2ﬂy| — |1 _ eZﬂy|

The denominator
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|1 _ €_2iﬂz| _ ‘ 1—6_2iﬂ[i(N+%)+iy]|

— | 1 _e¢27riN¢i7r+2ﬂy| — |1 +827ry|

Then
|1_€27ry| 672ny|1_627ry| |6727!y_1| |1_6727!y|
= = = = <
|COt(7TZ)| |1+627ry| e—27ry|1+627ry| |e—2ﬂy+1| |1+e—27ry| - l
///// \\\\\
o yaureny
/ \
/ \
/ o \
4 //’/ \\\\ 'z O;
/ , N \ -
/ N \ —n
I \ \ o
I \ =
,I \\ ‘l g
| 1 -
| / I' —
\\ / ) Q
\\ /// /’ S
\ i s 2
~

from Figure [6a], p. 443

p. 442, § IV, §§ 1 An Example, q -1. Finally, in the region |z| > 2 beyond the annulus we obtain
[exercise] a different Laurent series:

(2'1—1 _1)
o

F@) =5+ 5+ + + o for|z| > 2.

In the partial fraction F(z), in order to express the change in F(z) as z approaches the radius of the
singularity, we need a term with a denominator containing (1-A), where A <1 and A = const./z or A
= z/const. In this case, |z| > 2, so if A <1, we write (1-2/z). Than as z shrinks near 2, F(z) expands

rapidly. If it were the case that |z| < 2, as inside the annulus, we would write (1 - z/2), as Needham
did.

Once the (1-A) term has been decided upon, the corresponding term of the partial fraction is rewrit-
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ten to display this term. Instead of being displayed in the form (2-z), the singularity at 2 is now
displayed in the form z(1-2/z). The change in sign of the partial fraction is an artifact of the rewrite.

1 1 1

I

When z is very large, the partial fraction goes to 0. As |z| shrinks to 2, this term goes to co. Since
(2/z) < 1, we can write the term as the series

Fz)=1[1+2+ (%)2 +(2) (%)4 bl =3 (2)

z

2 4 .8
it e e S s (D)

N =

Each of the regions (disc, annulus, beyond the annulus) can be described by the sum of two terms
that can each be written as convergent series. The two terms are simply rewritten versions of the
original partial fraction F(z). The series must both converge within the region of interest. The region
|z| > 2 outside the shaded annulus (last sentence, § 1) can be described by two series that converge
in the region |z| > 2 (but only z’s from the region |z| > 2 lie in the domain of this rewritten F(z)). A
series that converges in the region |z| > 1 also converges in the region |z| > 2, so the two series can

be added to obtain a Laurent series for the region |z| > 2. For the region |z| > 1, we have (-(1/z[1-
(1/2)]) = [—i—L L % -ee]=-00, 1/ z)"*! for the region outside the inner boundary of the annu-

Z2 Z3Z

lus. To this we add (1) for the region beyond the annulus.

for |z| > 1 for |z| > 2
F(z) = Series[-1/z[1 — (1/2)]] + Series[z[l_iz/z)]]
= -y, /mt + 1Y,/ 2

—r. L 1t t 1 L, 2 ,4.,.38.,..
_['2'22'23'24' ] + [Z+Zz+23+z4+ ]

p. 445, Essentially identical reasoning [exercise] also justifies term-by-term integration in the case
of the integral round 2.
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. w . w . .
Since T < 1, we can write [1-;] as a geometric series:

2 3
2 = N (2 (2 g

=i d/ T +E + T e AW

T oni

=2 [L SEDW”_l fw)dw (i)n] , with brackets rearranged to

2mi

include (i)"



