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������������������������������������ and h(z) is periodic,

Res[f(z) h(z), n] = f(n) Res[h(�������
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���������������������������������������������������������������Res1  z2 cot(π����������1  πn2.
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0

-1 1 2 N 4 5

S S'

(N+1/2)(1+i)

from Figure [5], p. 440

������

������������������������

Res 1
z2

cot(πz), 0 = - π

3
 (corresponding to pole of order 2) (1)

Res 1
z2

cot(πz), n = 1
π n2

 (corresponding to singularities at n) (2)

The underlying generalization here seems to be that Res[f(z) h(z), n] = f(n) Res[h(z), 0], where n is 
non-singular at n and h(z) is periodic. Where n is singular, we have to find the Laurent series and 
the residue of 1/z. We can use Res[h(z), 0] where h(z) is periodic and Res[h(z), n] = Res[h(z), 0].

Euler used a different method when he developed the proof of ∑n=1
∞ 1

n2
 = π

2

6
, where n is a positive 

integer. Whoever developed the proof in our text must have known the values in (1) and (2). For 

this proof, one needs terms of known value in an equation with 1  n2. We see from this page that 

the residue Res 1
z2

cot(πz), n contains 1  n2. A contour integral based on residues could provide 

the known quantities for the equation: the value of the contour integral and the value of other 

residues. Needham provided a suitable contour integral based on the function g(z) = 1
z2

cot(πz) 

applied to the square closed contour in Figure [5].

How did the developer of this proof know to use the whole square? He might have used just over 
half of the square by drawing the left side at x = -1/2 (dotted line, Figure [5], S’). With this arrange-
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ment, as N increases, we no longer have a square. We have a rectangle that expands horizontally to 
the right and vertically in both directions while maintaining a side of expanding length at -(1/2). The 
rectangle encircles the origin and includes N poles in the positive real integers. We need to show 

that |∮S'g(z)dz| < Max|1  z2)| (length of perimeter) ⟶ 0. This amounts to showing that |z| > N for 

all z on S’. On the left vertical side, we can only claim that |z| ≥ 1/2. Thus, we have not met the 

criterion that |z| > N throughout S’, so we can’t say that 1  z2  < 1 N 2. Hence, we can’t claim 

that  |∮S'g(z)dz| ⟶ 0. S as drawn and constructed permits us to claim |z| > N for all z in S.

������������������������������������������������± N +
1
2
. ������ �± �π� ����∓π� [demonstrated 

below]���������������������������������������������������������������������������π�����������������������

Show �± �π�  = �∓π�

�± �π�  = �± �π (�+��)  = �±(�π�) �∓π�  = �∓π�

Then

|cot(πz)| = eiπz + e-iπz

eiπz - e-iπz
 = 

eiπz

eiπz

eiπz + e-iπz

eiπz - e-iπz
 =  e2 iπz + 1

e2 iπz - 1
 

If |e2 iπz| is very small, then |cot(πz)| is very close to 1. Since� �� �π�  = �-� π�, and ����± N +
1
2
, then 

|e2 iπz| = �-� π� becomes very small for increasing positive N (“N is reasonably large”), and |cot(πz)| 
is very close to 1.        

Finally, on the vertical edges we have z = ±(N + 1
2
) + iy, and it follows [exercise] that 

|cot(πz)| = 1- e-2 πy

1+ e-2 πy
 ≤ 1

Multiply top and bottom by e-iπz

|cot(πz)| = eiπz -iπz + e-iπz-iπz

eiπz-iπz - e-iπz-iπz
 = 1 + e-2 iπz

1 - e-2 iπz

The numerator:

1 + e-2 iπ±N+
1

2
 + i y   = |1 + e∓2 πi N∓iπ +2 π y|

= |1 - e∓2 πi N +2 π y| = |1 - e 2 π y|

The denominator

nh.ch9.notes.nb  ���9



|1 - e-2 iπz| = 1- e-2 iπ±N+
1

2
 + i y

|

= 1- e∓2 πi N∓iπ +2 π y| =  |1 + e 2 π y|

Then 

|cot(πz)| = 
1-e 2 π y

1+e 2 π y
 = 

e -2 π y 1-e 2 π y

e -2 π y 1+e 2 π y
 = 

e -2 π y-1

e -2 π y+1
 = 

1-e -2 π y

1+e -2 π y
 ≤ 1

0
1 2

z

L a u r e n t

d
i
f
f e
r e
n
t
L
a
u
re
n
t

Taylor

from Figure [6a], p. 443

p. 442, § IV, §§ 1 An Example, ¶ -1. Finally, in the region |z| > 2 beyond the annulus we obtain 
[exercise] a different Laurent series:

F(z) = 1
z2

 + 3
z3

 + ··· + 
2n-1-1

zn
 + ···, for |z| > 2.

In the partial fraction F(z), in order to express the change in F(z) as z approaches the radius of the 
singularity, we need a term with a denominator containing (1-A), where A < 1 and A = const./z or A 
= z/const. In this case, |z| > 2, so if A < 1, we write (1-2/z). Than as z shrinks near 2, F(z) expands 
rapidly. If it were the case that |z| < 2, as inside the annulus, we would write (1 - z/2), as Needham 
did.

Once the (1-A) term has been decided upon, the corresponding term of the partial fraction is rewrit-
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ten to display this term. Instead of being displayed in the form (2-z), the singularity at 2 is now 
displayed in the form z(1-2/z). The change in sign of the partial fraction is an artifact of the rewrite.

-
1

(2-z)
 = - 1

z
2

z
-1

 = 1

z1-
2

z


When z is very large, the partial fraction goes to 0. As |z| shrinks to 2, this term goes to ∞. Since 
(2/z) < 1, we can write the term as the series

F(z) = 1
z
[1 + 2

z
 +  2

z

2
 +  2

z

3
 +  2

z

4
 + ···] = ∑n=0

∞ 
2
z

n

        = 1
z
 + 2

z2
 + 4

z3
 + 8

z4
 + ··· (1)

        
Each of the regions (disc, annulus, beyond the annulus) can be described by the sum of two terms 
that can each be written as convergent series. The two terms are simply rewritten versions of the 
original partial fraction F(z). The series must both converge within the region of interest. The region 
|z| > 2 outside the shaded annulus (last sentence, § 1) can be described by two series that converge 
in the region |z| > 2 (but only z’s from the region |z| > 2 lie in the domain of this rewritten F(z)). A 
series that converges in the region |z| > 1 also converges in the region |z| > 2, so the two series can 
be added to obtain a Laurent series for the region |z| > 2. For the region |z| > 1, we have (-(1/z[1-

(1/z)]) = [- 1
z
- 1
z2

- 1
z3

- 1
z4

 - ···] = - ∑n=1
∞ (1 / z)n+1 for the region outside the inner boundary of the annu-

lus. To this we add (1) for the region beyond the annulus.

            for |z| > 1               for |z| > 2

F(z) = Series[-1 / z[1 - (1 / z)]] + Series[ 1
z[1-(2/z)]

]

       =   - ∑n=1
∞ (1 / z)n+1         +    1

z
∑n=0
∞ (2 / z)n

       = [- 1
z
- 1
z2

- 1
z3

- 1
z4

 - ···]     +   1
z
 + 2

z2
 + 4

z3
 + 8

z4
 + ···]

 

       = [ 1
z2

 + 3
z3

 + 7
z4

+ ··· + 
2n-1-1

zn
+ ···]

       = ∑n=1
∞ 2n-1-1

zn

 

p. 445, Essentially identical reasoning [exercise] also justifies term-by-term integration in the case 
of the integral round .
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Since W
z

 < 1, we can write [1-W
z

] as a geometric series:

1
2 π i ∮

f (W )

z
1

1-
W

z

 dW = 1

2 π i ∮
f (W )

z
[1+W

z
+ 

W
z

2
+ 

W
z

3
+ · · ·] dW

= 1
2 π i ∮ f (W )

1
z
+
W
z2

+
W 2

z3
+

W 3

z4
+ · · ·] dW

= ∑n=1
∞ 

1
2 π i ∮W n-1 f (W ) dW  1

z

n
] , with brackets rearranged to 

include  1
z

n
.
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