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6 Let f(z) be an analytic function with no poles on the real axis, and such that If(z)l < (const.)/ |z |2

for sufficiently large Izl. By integrating f(z) e'* along the contour (L + J) shown in [4a], deduce that

f:of(x)cosxclx+if:of(x) sinxdx=2n1 I Res[f(z) 7]
UHP

[Hint: First show that if y > 0, then | ez | <1.]
eiz — ei(x+iy) — eix eV
= |e”|=eandif y >0, then | €| <1.

21 i UEPRes[f(z) e“1=¢, . f(z) e“dz

= §,f(z) edz + § f(z) e"dz

Since L is effectively the x axis, z traverses the x axis, so allowing |z| = [x| to expand, we can rewrite

as follows.
ng(z) elzdz = f_ozof(x) X dx= f_ozof(x) (cosx + isinx)dx
= [* f(x)cosx dx+i [~ f(x) sinxdx
Since 3@] f(z) e“dz is a contour integral, we can write
| ggj f(z) e?dz| < |f(z)|| €| 7 |z| (because J is a half circle)

We know that |f(z)| < % and || =e™¥ <1 fory>0,so

i t. t.
| §, f(z) e“dz| < _|| 7|z = _|| n

Then for sufficiently large |z, j?} f(z) e?dz — 0, so we have established that

[Zf)cosx dx+i [ f(x) sinxdx=2ri X Res[f(z)e”]
UHP

for sufficiently large |z|.



