Needham, Chapter 8, Exercise 8, p. 421.
G. Palmer, June 21, 2017, 4:25 pm PST

8 The figure below [not included] shows four simple loops, and in each case we have indicated how
much shaded area is inclosed. Use parametric evaluation to verify equation (8) for each of the four
loops.

¢, Z dz = 2i (area enclosed) (8), p. 394
We rewrite (8)

_1r=
A= > 3§L zdz
(i) Loop (i) is a circle of radius R and area rr2. We rewrite (8).

2 T—

AC) = - [ 72t v(t) dt
z(t) = Re't, Z(t) = Re™, v(t) = iRe't
A(C) = L [*"Re ™ iRe' dt
- £[at-£0137 - Sam s
Parametric evaluation verifies (8).
(ii) Loop (ii) is an ellipse with major axis a, minor axis b and area of 7t ab.
z(t)=acost+ibsint
z(t)=acost-ibsint
v(t)=-asint+ibcost

2 TT—

ﬂ(E)=% S z(t) v(t) dit

= % f:n(aCOSt—ibsint)(—asint+ibcost)d7t

= % fozn(—azcostsint +iabcos®t+ iabsin®t +b?costsint)dt

= % ()2"[(b2_32)costsint +iab(cos2t + sin2 t)]dt

= % [(a®-Db?) %coszt +iabt]3"

= Ll(a?-p?) L (1-1)+iab2r-0) = rrab
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Parametric evaluation verifies (8).

(i) Figure (iii) appears to be an enclosed quarter disc with radius R and area rr?/4. We use the integral
from (i) with a range of 0 to 772 on the quarter circle and then we integrate on the sides somewhat as
we did in for the loop integral exercise 5.

A(quarter disc) = 95L = 515(0'"/4) + SB|R + §R
§, on the quarter circle:

R_Zt |n/2= nR?
o tlo

9SL(o,n/4) = 4

gSL on the side 0 to iR:
2ty =it,  Z(t)=-t,  v(t)=i

Ar = 57 §0.m ZO VIO

L Joz® vty dt = [(-ityidt = [Tt

18=5
0 4

N

1
2i
But, since we actually need a negative (counterclockwise) direction of integration, this should be —':—j, o)

RZ
ﬂiR = _E'

gSL on the side 0 to R:

z(t) = t, Z(t) = t, v(t) = 1

Then

2 2 2 2
A =fﬁL =9g(o,rr/4) +9g(0,iR) +9g(0,R) = m% - % + % n4R

Parametric evaluation verifies (8).

(iv) Figure (iv) is a triangle with vertices at R, R+iR, and iR with area R2/2.
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We use parametric evaluation of the area on the three sides and add the results. We integrate with t=0
to t=1 in order to complete an interval that is 100 percent of the complex number over which we are
integrating.
Side R to (R+iR):

z(t) =R +iRt, z(t) =R - iRt, v(t) = iR

L [jZvindt= & [(R-iRY)iRdt

L [J(R?+ R*f)dt
= E [[Jidt+ [tat

R? t? R? | R?
=Tt g1 =5 5
2 4j 2 4j

Side (R+iR) to iR:

z(t) = R+R -Rt,
Z(t) = R-R -Rt = R(1-i-t)
v(t) = -R

i(2-t)+t = 2i -it + t

L jZvindt= L [(R(1-i-1)(-R)) dt
=& [i-1+tydt=S[idt- [idt+ [Jtdy

- Ry Eyt _Rri_4,1
= o lit-t+ 2]0_2/'[’ T+5]

R? R?
2 a4

Side iR to R (the hypoteneuse):
z(t) = iR + (R-iR) t

Z(t) = -iR + (R + iR)t = R(-i + t + it)
v(t) = (R-iR)

%J’JR(—HH it) (R - iR) dit
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2, . . e 2~ .
Efi+t+ity(1-idt =% [(-1-i+2t)dt

SR w2 o RBraiin= R
= & Lt +£2]) = Et-iv) = -

Then we can add the three sides:

(R_2+R_2)+(R_2_R_2)_R_2= RZ_R_Z_R_Z
2 2 4 2

4j 2 2

Equation (8) is confirmed.



