Needham, Chapter 8, Exercise 15, p. 422-423.
G. Palmer, July 20, 2017, 6 pm PST

15 (i) Use the fundamental Theorem to write down the value of

a+ib _z
R

a+ib i i
fo e?dz = & | 8+|b - ea+|b -1

= e?e-1 = e?(cosb + isinb)-1

=(e?cosb-1)+efisinb (1) dividing into real and imaginary terms

(ii) Equate the answer with the one obtained by parametric evaluation along the straight contour from 0
fo (a+ib), and deduce that

f01eaxcos bx dx = (a(e? cosb - 1) + be” sinb) [(a® + b?)
and

f01ea"sin bx dx = (b(1 -e? cosb) + ae?sinb)[(a? + b?)
[Mathematica’s editor seems incapable of typesetting this properly.]

. . a+ib
Parametric evaluation of o

e’ dz:
z(x) = (a+ib) x, xin [0..1]

v(x)=a+ib

[ 2(x) v(x) dx = []e@* (@ + ib) dx

= (a+ib) J'(: €% (cos bx + i sin bx)dx

=(a+ ib)fo1 e®cos bx dx + (a +ib) J: €% sin bx dx

Equate answer by Fundamental Theorem with answer by parametric evaluation

(e?cosb-1)+edisinb= (a+ ib)fgea"cos bx dx + (a + ib) f;eaxisin bx dx
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Multiply through by (a-ib):
(a-ib)((e? cos b - 1) + &7 i sin b) = (a2 + b?) [, e cos bx dx + (a% + b?) ['e™ i sin bx dx

(a(e?cosb-1)+be?sinb)-i(b(e?cosb-1)- ae?sinb)=

(a®+ bz)f(: e¥*cos bxdx + (a* + b?) f(; e sin bx dx (2)

(32 + bz)f(: e®cosbxdx = (a(e?cosb-1)+be?sinb) [taking real parts of both sides of (2)]

(a (e cos b—1)+b e sin b)
a’+b?

f01 e*cos bx dx = This is what we wanted for the first equation.

- (b(efcosb-1)- ae?sinb)= (a2 +b?) joleax sinbx dx [taking imaginary parts of both sides
of (2)]

1 ax b(1-e%cosb)+ae’sinb o ,
Jre™ sinbx dx = &1=e-e= Z;ae = This is what we wanted for the second equation.
a%+

(ii) Prove the results in (ii) by ordinary methods.

Find [e®™cos bx dx and [e® i sin bx dx substituting /@*®)* and integrating. Assume that the constant of
integration is 0. We use this method in preference to integration by parts.

Je™cos bx dx+ifesin bx dx = [e*(cos bx+i sin bx) dx=[e(@**)*dx

_ eladdx g pj gabilx (g_pj)el@PIX _ g3(a-bj) (cos bx + i sin bx)

a+bi a-bi a+bi a%+b? a’+b?

e (a-bi) (cos bx +isinbx) _ e*[(acos bx + aisin bx) + (—bi cos bx + b sin bx)]
a%+b? a’+b?

Group real and imaginary parts of numerator.

_ e™(acos bx+ b sin bx) + (ai sin bx - bi cos bx )
a’+b?

©®*(a cos bx+ b sin bx ) +i e®(.asin bx — b cos bx)
a’+b? a’+b?

Equate real and imaginary parts

e (a cos bx+ b sin bx
[e™cos bx dx = %
a’+
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J’eax sin bx dx = €™ (asin bx — bcos bx)
a2 +b?

Evaluate the results on 0 to 1.

1 €% (a cos bx+ b sin bx e?(acos b+ bsinb e%(acos 0+ bsin 0
IeaXCOSbde= ( 2,12 )|8= ( 2,12 L. el 2,12 )
0 a’+b a’+b a’+b

_ e%(acosb+bsinb)-a _ ea(cosb-1)+be?sinb
a’+b? a’+b?

. e (asin bx — b cos bx e?(asinb-bcos b e%(asin0—-bcos0
IeaXSIHbXdX= ( 2,12 )|(1)= ( 2,12 L. el 2,12 )
a‘+b a‘+b a‘+b

_ €e%(asinb-bcosh)+ b _ e(asinb-bcosb)+b _ b(1 -e’cosb)+ae’sinb
a’+b? a’+b? a’+b?

Vasco wrote “Your method uses complex analysis and seems to me to be another way of writing the
method of part (ii)”, so | will try using only integration by parts:

Deduce that
f01eaxcos bx dx = (a(e? cosb - 1) + be” sinb) [(a® + b?)
Let u = cosbxand v = % Then du = bsin x and dv = e,

f01eax cos bx dx = J’Jcos bx e dx [Judv]

ax 11
= [cos bx e?]o + SJ’JeaX sin bx dx (1) [uv] - Jvdu

Integrate f(;eax sin bx dx: Let u = sin bx and v = e; Then du = b cos bx and dv = e**.

[Je™ sin bx dx = [ sin bx e* dx [Judv]
= [sin bx %]; - §f01eax cos bx dx (2) [uv] - Jvdu
gﬂea" cos bx dx = [sin bx e:]; - f01eax sin bx dx (by rearranging)
f01eax cos bx dx = %( [sin bx %]:) - ﬂeax sin bx dx) (3) (to be used in 2nd part)

1 ax 11 i ax 711 1 . )
J, €™cos bx dx = [cos bx e:]o + S([sm bx e?]o - gfo e® cos bx dx) [by substit. (2) into (1).
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1 2 ax 11 . ax 11
J, €®cos bx dx + b—f e®™ cos bx dx = [cos bx & ] + 2 sinbx & ]
0 a?J0 alo a a lo

1

b2
(1+%)

1

b2
(1+;)

((cos b( e;) - j;) + § sin b (ea—a))

1 _ eax 1 b i eax 1
J, €™cos bx dx = ([cos bx :]o + 2[ sin bx :]0)

1 a
J, €™cos bx dx = (cos b( e:) -

o |-

)+ 2sinb ()

2[4, 12
a <1+a_2)

a b -1)+b a o b « .
= 2 °°S( - b);; e h This is what we wanted.
a+

And deduce that
jo’eaXsin bx dx = (b(1 -e®cosb) + ae?sinb)/(a? + b?)

Then from substitution of the previous result into (3) :

a -1 aai . ax 11 1 .
= COSt()ag+Z:;)e =5 %( [sin bx e:]o - J.O e® sin bx dx)

afrlax o — A e ﬁ]1_a(eacosb—1)+beasinb
2 [, € sin bx dx) = 2( [sin bx . an)

1 . . . @ cos b - 1)+b 7 sin b
J, €% sin bx dx=§(%smb e; a(e’cosh - T)+be7sinby

0 (a®+b?)
a2+b?) g7 a -1 a
- ( - 2) €sinb - b a(e cos;b2 )2+be sinb
(a®+b?) a a (a®+b%)

(a®+b?) e sinb - b(a (e cos b - 1)-b? €7 sinb

(a®+b?)a

2 &7 sin b - b(a (1 -ae’ cos b . .
=Z°:n ( Z(ab(z) ac” cos b). add like terms and rearrange signs
a+ a

_ b(1-ae?coshb)+a’e’sinb

cancel a in numerator and denominator
(a%+b?)



