Needham, Chapter 3, Exercise 20, pp. 186-7.
G. Palmer, August 26,2021, 2:30 pm PDT

20. (i) Show that every Mdbius transformation of the form

M(z) ==L where |p| > q|

qz+p

can be rewritten in the form

M(z) = e'® (_Z"’ ), where |a| <1
az-1)

[Notice that the converse is also true. In other words, the two sets of functions are the same.]

Multiply through numerator and denominator by (1/p) so that z has coefficient 1 in the numerator.

— _z+gqlp 1
qz+p  (qlp)z+plp M

Let a=-q/p,so q/p=-aandg=-ap. Substitute into (1) for q/p and gq.

o o __ pra)
(-aplp)z+plp  (-P/p)(@z-1) p\az-1

Let p =rei®

_B=_ 1€ o2 = i ¢+
7l re-i®

Then % =el® 29 \where 0= 2¢+1T

(@z-1)

Note thata = —%; Then |a| = | % | = %, soif |p| > |q|, |]a] < 1. 1 was reminded of this step by a message on

Vasco’s blog.

(i) Use the matrix representation of the first equation to show that this set of M6bius transformations forms a
group under the operation of composition.

Refer to pp. 156-7 for matrix representation. Refer to page 32 for group properties.

If the set of matrices corresponding to M is to form a group under composition, they must include an identity
transformation, an inverse for every member, and compositions of members of M must have the same proper-
ties as those defining the set.

The matrix set corresponding to the given Mobius set M is written [M] = [g ;]’ which represents a set

of matrices characterized by conjugate pairs on the diagonals and |p| > |q|.
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The Identity Matrix:
The set [M] has an identity matrix [E] = [ (1) (1) ], so that [E].[M] = [M]. The identity matrix has the same proper-

ties as [M]. It has diagonal conjugate pairs because the conjugates of real numbers are identities. |p| > |q| is
satisfied by 1> 0.

=3 3105 2115 4

The Inverse Matrix

[M] has an inverse, [M]™! = det(l[M]) [M-1], such that [M]~1.[M] = [&], demonstrated as follows:
M1 = E_ -4
7] [—q p
lp12-1q]|?

det(M)=pp-ga= | p 12~ | q I2= pp-(-g)(-q) = det([M1])

[M]-l=l/(|PI2—Iqlz)[_p_a _pq]

Mt M) =1 g2 IR 2
MMI=1/(| p | Iql)[_ap][q 5
B lp1>-1q1> Pg-pPq
=1 2_ 2 -
At |CI|)[ -pg+pq |P|2—|Q|2]

Lo

o 1]=[8]

Given the definition of [M]~, we can see by inspection that it belongs to the set of matrices with conjugate

ab —
pairs on the diagonals, i.e. [ > _]. Respecting [M]71, the stipulation that |p| > |q]| is guaranteed by |p] > |-q|.
a
These structures are unaffected by the multiplier l/( [p12-1q] 2).
The Composition
To show that compositions with matrices like [M] preserve structure, show that diagonal opposites of [M].[N]

are complex conjugates, where [N] is a matrix in the set [M]. This proof follows Vasco’s answer on the VCA
Forum, but some different notation is used to avoid subscripts.
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LetN= [i i], where |r| > |s|. [M] remains unchanged.
s T

Calculate the composition

:[ pr+qs ps+qF]
qr+ps qs+pr

Check that the diagonal opposites are conjugates:

gs+pr=pr+qgs

qr+ps=ps +qr

One can see by inspection that diagonal opposites are conjugates. Now determine whether |p| >|q| is satisfied
by |pr+g5s| and | ps + g7

LetP=pr+gsand Q=ps+qr. Then we wish to show that |P|>|Q].
| PI1>=(pr+qs)(pr+qs)=Ip|lr[+pqrs+pqrs+|q|ls|
| Q12=(ps+q7) (pS+qr) =|p||s|+pgrs+pqrs+|q||r
| P12=1Q12= IplIrl+IalIs| - ol sl - al Irl
=[p[ ([ =s]) +al (s - |r) = Ip| (Ir] = Is]) - al (|r - |s])
= (Il - lal) (Ir] - Is])
Since |p|>|qland |r|>|s|, | P |2~ | Q |?>0, which implies that |P| >|Q|, which is what we wanted.
The given M has two obvious properties: (1) diagonal opposites are conjugate pairs; (2) |p|>|q|- We have
shown that the corresponding set of M6bius matrices with these properties has three more properties neces-
sary for the definition of a group: (3) The set includes the identity matrix [E]; (4) every [M] in the set has an
inverse [M]~1; and (5) every composition [M].[N] of members of the set preserves the first two properties.

Therefore, the set of matrices of Mdbius transformations with diagonal opposite conjugates where |p| >|q|
constitutes a group. Since the two by two complex matrices produce the same transformations as their

corresponding Mobius transformations (P. 157, 4th ), we have also shown that the set M, whered =a, c=b,
and |a| > |b|, forms a group.
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(iii) Use the disc automorphism interpretation of these transformations to give a geometric explanation of the fact
that they form a group.

From pp. 178-9, we find that
(a) e1®(z-a)/(az-1) is the most general M&bius automorphism of the unit disc D
(b) My(z) = (z-a)/(az-1) is the most interesting part of M?
()Mg=Ry° I,

where R, is areflection in L and I is inversion (reflection) in a circle J.

The defining quality of the set in this case is the disc automorphism. M, maps points on the unit disc to points
on the unit disc.

M has an identity element that belongs to the set. On p. 179, Needham has M, is involutory; (Mg °Mg) = &
One can demonstrate this with an expansion of M o M

MeM= (R eI )e (I,°RyL)

=RL°E°?L :RLC’QL

Every M has an inverse that belongs to the set. On p. 125, we find M, is involutory, so Mz! = M,, M, o M, = €,
and My °Mq(p) = p.

The composition of two members of the set yields a third member of the set. If M, and Mg are both Mobius
automorphisms of the unit disc, then their composition is necessarily an automorphism of the unit disc.

Looking at this in terms of reflections, one could say that M,, composed of R, < I;, maps p (a complex number
on the unit disc) to p, another complex number on the unit disc. Then because M, is also a matrix that maps a
point on the disc to another point on the disc, it maps p to a third complex number, say w, on the unit disc.
Hence, My ° M, meets the criterion by means of (R, ° I) o (R, ° I,). Similarly, M,  My(p) maps p to itself.

A second approach to the composition proof converting the disc automorphism definition to matrix format.

The proof appears to fail in matrix composition if one must preserve the structure implied by conjugates and
signs on the diagonals.

. . - . 1 -a
Given in Mobius format converted to matrix: [M,] :[5 1 ]
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[Mq] © [Mp] :[é :i HE -1

1-ab a-b

a-b 1l-ab
[M,]. For example 1 and -1 in [M,] are not parallel to (1 - a b) and (1 - @b) in [M,] ° [My], which one could regard

as conjugate pairs with no change in sign. On the other diagonal, -a and @ are not parallel to (a-b) and (a - b).

This has the structure [ ], which is not the same structure on the diagonals as the structure of

But perhaps the defining criterion of M, should be whether it maps points on the disc to points on the disc. If
the composite matrix is [M,,], then [M,,].p should be a complex point on the unit disc, where

p=p1+ipzs[gzl]

is a complex point on the unit disc. By inspection one can see that all four of the elements of [M,] e [M,] have
absolute value < 1. We also know that |p| < 1. Then |p;| <1 and |p,| < 1. Then if

(a-b)p2 +p1(l—al~3)]:[[yl]:ﬁ

o [
(Mol [Mb]'[ p2 ] [p2(l -ba) + p; (5 - E) P,

it follows that on the top row |(a-b) p»| <1 and | p1 (l - a[)) | <1, and on the bottom row | p2(1-ba) | <1

and | p1 (E - B) | <1, but does that entail that the sums p; and p, are also < 1? | believe it does. The matrix

multiplication of [Mg] ° [Mb].[ zl ] essentially produces two inner products with real numbers, one for each row
2

of the matrix. Because the inner product projects a row vector from [M,] ° [Mp] onto [ Zl ], and both vectors
2

have length < 1, the projection must have length < 1. Hence, |p| < 1. Then we know that the composition of two
matrices of type [M,], which is a matrix that maps the unit disc to itself, is another matrix that maps the disc to
itself.



