Needham, Ch. 2, Ex. 43, p. 121.
G. Palmer, March 5, 2021, 1:40 pm PDST

43. Use Gauss’ Mean Value Theorem [p. 110] to find the average of cos z over the circle |z| = r. Deduce (and
check with a computer) that for all real values of r,

J;Z 7cos[r cos 8] ~cosh[rsin 8] d 8 =27t

Gauss’s Mean Value Theorem:

<f(@)>c= 5= [ 7H(k+Re'®) dO=f(K)

f(z)=cosz
|z| = ris centered on the origin, so

<f(@)>c=5= [} f(k+re®)dO=f(k)=f(0) =cos 0 =1
and k=0, so

= ;"f(reie)cﬂez 1

== j”f(re‘e)dez = :ncos(reie)de

= ﬁfozncos(r (cos B + isinB))d O

= #Ig"cos(rcos 6 +irsinB)d6

Now we use cos(x +iy) = cos x cosh y - i sin x sinh y from p. 89.

= # foz "[cos(r cos 6) cosh (r sin 6)

— isin(rcos ) sinh(rsin6)]d 6 = 1
Equate real and imaginary parts:

= #fozncos(rcos 0) cosh(rsin8)d6 =1

= f; "cos(r cos B) cosh (rsin 0)d6 =277
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In[193]:=

This is what we wanted.

Using the Integrate[] function, Mathematica required 1.5 to 2 minutes to compute 37 integrals with
varying values of r, but the results support the conclusion that the equation works for all real values of
r. One could compute all the values in less than one second with Nintegrate[], but it fails to converge
beyond r=87T.

Clear["Global x"];

time = AbsoluteTiminge
Table[Integrate[TrigToExp[Cos[rCos[e]] Cosh[r Sin[ e]11, {6, 0, 2 Pi}],
{r, 0, 12Pi, Pi/3}];

Print["results over ", Length e time[[2]],
" real values r = (0, n/3, 2n/3, ..., 127", time[[2]],
"\ncalculation time: ", time[[1]], " seconds"];

results over 37 real values r = (0, n/3, 27/3, ..., 12n)
{27, 271, 271, 271, 27T, 27T, 270, 270, 27T, 27T, 270, 27T, 27T, 271, 27T, 27T, 271, 271, 2 7T,
27Ty 27Ty 27Ty 27Ty 27Ty 27Ty 27Ty 27Ty 270y 27Ty 27Ty 27Ty 277, 27T, 27T, 271, 27T, 2 77}

calculation time: 89.6557 seconds



