Needham, Chapter 2, Exercise 31, p. 119
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30 In the case of a real variable, the logarithmic power series was originally discovered [see next
exercise] as follows. First check that In(1+X) can be written as fOX[] /(I +x) dx, and then expand
[1/(1+x)] as a power series in x. Finally, integrate your series term by term.

[/ +x) dx = In(1+x) [§
= [In(1+X) — In(1)] = In(1+X)
This shows that In(1+X) can be written as ﬁ)x[l /(1 +x)dx.

The formula calls for an expansion centred at —1. The largest disk of convergence we can have has
radius 1. From p. 64 (3), we have, if and only if (-1 <—x < 1),

1/(14x) = 1/(1 = (=x)) = 332 (—xy
=1+ + 02+ (=) + ..

=1l-x+x2-x

+ ...
Integrate term by term.
In(1+X) = {11/ +x)dx= [}[I-x+x* = +.) dx
= ﬁ)xl dx - ﬁ)Xx dx + Lsz dx - ﬁ)sz dx
=X-X24+X3-X*4 + ...

which is equivalent to

In(14x) = x —x22 + X313 = x*/4 + ...



