Needham, Chapter 2, Exercise 25, p. 118.
Gary Palmer, November 11, 2020, 6 pm
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Figure 2. Traversal of z
around branch points 1,-1, i and -i

25. Describe the branch points of the function f(z) = 1/ N 1 —7* . What is the smallest number of branch
cuts that may be used to obtain single-valued branches of f{(z)? Sketch an example of such cuts. [ ...].

Rewrite f(z) as

f(z) = ——
N (1=2) (1+2) (i-2) (i+2)

Then f(z) has four branch points {1,-1,1, -1}.
We rewrite f(z) using (z-p) = ro €% r = |z-pl, where a = 1, 2, 3, or 4, indexing arg(1-z), arg(1+z), ....

i( 01+62+63+64 )
f(z) = \/ rirar3rse 2

01+62+03+01

=Re( 2 ),whereR: riryr3ry

Let z traverse a loop round all four branch points:

. i( 0142 142 16 +65+2 7r+84+27r) ( 01+02+03+04 )
f(zel?™) = Re 2 =Re'l 2 et

f(z) has returned to its starting point after a single traversal of z.
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What is the smallest number of branch cuts that may be used to obtain single-valued branches of f(z)?

If the cut is continuous but not necessarily smooth, one cut suffices. The cut must pass through or touch all
four points as in Figure 1, but the cut must not be a closed loop. Then the situation is analogous to that in
[35b]. f(z), as any square root function, has two single-valued branches on this single finite branch cut.

Sketch an example of such cuts.

See Figure 1.



