Needham, Chapter 2, Exercise 21, pp. 117
G. Palmer, September 18,2020, 12:20 pm PST

21 Do the following problems by first substituting 7 = r €' into the power series for €%, then equat-
ing real and imaginary parts.

From p. 79,

=20 on‘ =2 ()T=Z;°:o%;ng
=200 '(cos(né)) + 1 sin(né)) (note that 0! = 1)
The real and imaginary parts of this series are
Re( ere“’) — Re( /(cos 6 +isin e)) =Re ( o cost pirsin 9)
=Re[ ¢ “Ycos(r sin 6) + i sin(r sin 6) ]

= e % cos(rsin ) = Y2, % (1)

Im(ere'g) ¢ gin(r sin 6) = PO 7" sinnf )

n!

cos né

o and write down the Fourier

(i) Show that the Fourier series for [cos(sin 6)] <7 is Do

series for [sin(sin 8)] e“**? .

The easy way to answer this is to let r = 1 in (1) and (2), and the answer falls out immediately. From

2

g _ sin nf
[sin(sin 6)] &7 =32,

n!
(ii) Deduce that fo C"S‘g [cos(sin€)] cosmO d 6 = (nim!), where m is an integer.

cos(sin @) ¢80 = Yoo €500y ()

n!

2 Pi

M e cos(sing)] cosm 0 dO = |

Yoo <= cosmf d o

=32 % foz Ficos nf cos m 0 do = = (by Exercise 20) QED

But if that is the case
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_ 1 (27 coso . _ 1z _ 1
a, = nfo e“*Y[cos(sin §)] cos ml d 6 = ol =

(iii) By writing x = (r/\/?),ﬁnd the power series for f(x) = ¢ sin x.

. . . . 2 .
My first answer attempted to use exponentials and then multiply the sine series by er/ 2 to obtain a
new sine series. I used Mathematica, which gave a nice series in r, but which I suspect simply used

the series for er/ 2 in the product, which anticipates part (iv).

. eir/ﬁ_efir/‘/?
Sin X = — 2

T

efsinx= e

r r/\/? eir/\/?—e_ir/‘/?
)N
\/7 2i

sin(

Vasco has a better solution. We already have a solution for " ¢ sin(r sin 6), and we know from
our definition of z that x =r cos 6. Then, since we are given that x =1/ \/7 , it follows that cos 8 =
1/\/? ,s00=n/4=sinf,and r = \/? x. Substitute these values into equation (2):

¢ <8 sin(r sin 6) = Y2 —,9

(\/7 x)" sinfn (7/4)] (V2 ) sinln (7/4)]

= St P e P

n! n!

The first 6 terms of this series will be used for comparison in part (iv).

V2 ' sin[7/4] : . . .
( ) 4 2802l 2 22 sin[3 n/4] 3 4 Asinlal 4 42 sin[5 7/4] L

0+ 1! 2! 3! 4! 5!

3 5 6
=X+ + T o 3)

(iv) Check the first few terms of the series for f(x) by multiplying the series for ¢* and sin x.

X — 1 2,13
e —1+X+2!x +or X+

v

2 3 7
Xy — »¥ 1.3 XX X
e smx—(1+x+2! +o X +..)(X- TRTRET +..)
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=X —g—! +§
+x° +2—3! —“;—T
+)3C_T 2!x53’
x5
T
=x+x2+(—§+;—j)+(—§—j+§—j)+ )sc_j_z!xszﬂ +§) to
:x+x2+§ —;‘5—0+

This series matches series (3) .

(v) Calculate the "™ derivative f™(0) using (14) on p. 22 of Chapter 1. By using these derivatives
in Taylor's Theorem, verify your answer to part (iii).

% [esinbt] = (a®+b%)? ¢ sin[bt+ntan~'(b/a)] (14)
f(x) = e*sin x

If we let a=b =1, then if we let t = X, the equation becomes

n

di” [¢* sinx] = (\/?)n e’ sin[x + n /4]

Since we are to calculate the derivatives at x = 0, we can write

d?’l

e [e*sin x] = (\/7 )n sin[n /4]

£O0) = sin[0] = 0
FDO)=vV2 sin[x/4] =1
FO(0) =2 sin[r/2] =2

F£®(0) =2v2 sin[3 /4] =2
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f@0) =4sin[xr] =0
£O0) =42 sin[5n/4]=—4
£O0) =8 sin[37/2] =- 8

FP0) =8 V2 sin[Tn/4] = -8

Taylor expansion of F(x) at a of ¢* sin x.

_ [@G-a) | f'@6-a?®  ["@x-a’
F(a) =f(a) + TR + + -

2! 3!
F(0) = (0) + F(O)x + L2004 [1Ox (where a = 0)
=0+x+x2+§—3+0—£—£—%+0---

This verifies the answer to part (iii). So we can write

(\/7 )n sin[n /4] x"

e'sinx =", -~



