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14 Consider the two power series, P(z) = Z;‘;o Dj 7 and Q(z) = Zj"zo q; 2/, which have approximat-

ing polynomials P,(z) = Z’j’-:o Dj 7 and Q,(z) = Z’}’zo q; 2. If the radii of convergence of P(z) and
QO(z) are R; and R, then both series are uniformly convergent in the disc Izl <r, where r <

min{R;, R,}. Thus if € is the maximum error we will tolerate in this disc, we can find a sufficiently
large n such that

P,(z2) = P(z) + £1(z) and Q,(2) = O(z) + £(2),

where the (complex) errors &1 5(2) both have lengths less than €. Use this to show that by taking a
suffiently high value of n we can approximate [P(z) + Q(z2)] and P(z) Q(z) with arbitrarily high
precision using [P,(z) + 0,(2)] and P,(z) Q.(2), respectively.

Lete; = |P - P,l, andlete,=1Q - Qy,l. P and Q are two unique infinite power series that
converge to two corresponding complex functions, say f and g. Since they converge, as n or m
becomes larger, the error (distance of P, from P =for O, from Q = g) becomes smaller, until in the
limit as n or m goes to infinity, the error becomes zero. By using [P, + Q,] and P, O, we ensure
that the error of both approximations, P,, and Q, shrinks as n goes to infinity. Since the total error
(&1 + &) in the case of [P, + O,] or |Pe, + Qg + 1€, | in the case of P, O, goes to 0 as n goes to
infinity, it follows that there exists an n such that (¢; + &;) < € and there exists an n such that | Pe;
+ Qe + €16, | < e. It follows that we need only increase n until €; + &, <eor |Pe; + Qg; + €16, | <
€. This means we can arbitrarily decide on the value of € and achieve virtual arbitrarily high preci-
sion. Actual precision is limited only by the precision of one’s computer.

The case of [P + Q] approximated with [P, + Q,]:

Pp+ Op=P+ & + 0+ &@)=(Pk) + Q)+ (12 + £()

Lim [, + &]=LimIP,—P| + Lim |Q,,—Q|:0+0:0

n—>oo n—>oo0 n—>oo0

The case of PQ approximated with P, Q,:
P,0,=P+e)(Q+&)=PQ + P&y + Qe + €16
This shows that the total error is |Pe; + Qg + €162 .

Lim |P82 +Q81 +8182|=0

n—>oo



