Notes on Needham, Visual Complex Analysis, Chapter 12, pp. 515...
G. Palmer, December 23, 2018, 3:15 pm PST

P.513. For example, if @ = cos[cos x sinh y] e"*<*"Y then [exercise]

@ (x,y) = cos[cos x sinh y] e"*"Y cos x cos hy + F,

where F stands for three terms which vanish when'y = 0. Using (1) we get 27(z) = "™ cos z, and

hence ¥ = Im "%,

Find VO(x, y).
VO(x,y) =V (cos[cos X sinh y] esin*coshy)
= eSinxcoshy 9 cos[cos x sinh y] + cos[cos x sinh y] 8, eSin¥coshy
+1 (e5n¥eoshy (g, cos[cos x sinh y] + cos[cos x sinh y] gy eSin*coshy)
= —eSineoshy sin[cos x sinh y] 8y [cos x sinh y] + cos[cos x sinh y] cos x cosh y e~ coshy
sin x cosh y )

+i (-esin*coshysin[cos x sinh y] 8y [cos x sinh y] + cos[cos x sinhy] sin x sinhy e

= eSinreoshy gin[cos x sinh y] sinx sinhy + cos[cos x sinh y] cos x cosh y e$in* coshy

+1 (-e¥"¥eoshygin[cos x sinh y] cos x coshy + cos[cos x sinhy]sin x sinhy eS"* cosh y)

Then

VO(x, y) = eSi" ¥V sin[cos x sinh y] sin x sinhy + cos[cos x sinh y] cos x coshy Sin* coshy

+1 (esin¥eoshygin[cos x sinh y] cos x coshy - cos[cos x sinh y]sin x sinhy eS"* "°Shy)
= cos[cos x sinh y] e$™* Y cos x coshy +F (Where F = 1st, 3rd and 4th terms)

The terms constituting F go to zero, so this is what we wanted.

Wheny =0,siny=0,sinhy=0,cosy=1,coshy=1.

W(X, y) = cos[0]cosx -1- e(sinx) -1

=cos x eSn¥

Substitute z for x.

Q'(z) = "2 cos z
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P. 515, 2. Conformal Invariance of the Laplacian
We are trying to prove (4):
AD(z) = [AdW)]| | f' (2) 4)
We note that A® is the Laplacian VeV®, which is here apparently VeV. (V® is normally defined as
H , the Polya field, as in (28), p. 500. Judging from the discussion in 1. Conformal Invariance and

Harmony, pp. 513-514, ® is the real part of an analytic function ).) Needham wants to "rephrase
the result in terms of flux densities." The "rephrase" or rewrite is

VeV(2) = [VVW)] | f' @) )
In q 3, the givens and algebra lead to

<f)(w)=<D(z)=iS|z|2=i%|W|2 (1))

Needham concluded that "The field V = V¢ therefore has uniform flux density VeV =S/|c|*".

Where does this equation come from? Calculate VoV to check Needham's value. Then calculate V
V(w).

O(z) = (S/H|z|?

Ox
V = Vd(z) = ( o ) [(S/4) (x* +?)]

_ (3/4)( 3’; ) = (S12)z

v V—(ax Si4 (Zx)
oy ) (5/4) 2y
=(S/4)(2+2)=S
Vasco simplifies the calculation of the Laplacian using 82 | z [2=2=092 | z |2. Then

VeV =(S/4) (02 | 2z |2+ 85| 2z |P)= (SI4)4=S

We calculate VeV (w). Let w = u + iv.
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(A is the same for |w|? as for |z]?)

For our own interest, we calculate V.

S du
v=v<1>(w)=(av) T (2 +77)]

s (2u = S o S,
AP \2v )" 2P T 2

Return to (5), calculate | f'(z) |2, and substitute the calculated flux densities.

If'(2)] = I(cz)'l = lc|
S=(S/1cP) 1 @ P

=S/|c]?) |c)? =S

This proves (5), which is a rewrite of (4), so it also proves (4) for this case.
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