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G. Palmer, August 27, 2018, 2:20 pm PDT

Needham, Chapter 11, Exercise 11, p. 507.

1 I !
R ii e

=< o
i o2 i At i it e R~ N
X _
mr (0]
“““““ S I R +
= z

S

|
|
[
|
|
|
|
I\
|
|
|
|
|
|
|
|
Figure 2. z = Q'

z-plane
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Figure 3.z = (¢ + ip) + Exp[¢p + iy], -t < Im(z) < 7T

11 Consider a flow such that the inverse complex potential is 27~ (w) =w + e". Use a computer to
draw the streamlines, and verify mathematically that the picture may be interpreted as the flow out
of a channel - < Im(z) <z, Re(z) <-1.

On p. 501, lines -4 to -2, we find:

The complex potential maps streamlines to horizontal lines and equipotentials to vertical lines.
Furthermore, each square k-cell is mapped to a square of side k. Thus (2 is an analytic mapping.

The description of the picture suggests horizontal flow in a horizontal channel, perhaps flowing
eastward, as in Figure 1, which corresponds to the RHS of [21], p. 501, the streamlines and lines of
potential under ) = ¢ + 1 V. But in this case, we also want to show horizontal flow on the z-plane,
which corresponds to the LHS of [21].

Figure 2 represents Q~!(w) = (w + €")~!. The k-flux and k-work tubes are both assigned a value of
ni/4. Then we apply Q! to the points of the horizontal lines in the grid of the w plane to obtain
Figure 2, which illustrates the streamlines. When we confine the flow to -7 < Im[z] < 7 as in Figure
3, it appears to illustrate flow out of a channel where Re(z) < -1. Even before the flow passes -1 in
the z-plane, the streamlines begin to diverge and, after passing -1, they overflow the top and bottom
of the channel.

Verify mathematically that the picture may be interpreted as the flow out of a channel -7 < Im(z) <
7, Re(z) <-1.
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To verify this mathematically means that “the picture”, which I take to be Figure 3 in the z plane,
must depict flow for which the imaginary value of z stays within the imaginary constraints so long
as the real value of z is < -1. When x exceeds -1, z may wander from the channel established by the
constraints.

Letz=x +1y.
QO l=w+ev=7
w = ¢(z) + 1 Y(z), where ¢ and ¥ are real analytic functions
z=(p+iy)+eh
=¢p+iy+ee? =¢+iy+e?(cosy +isiny)
=¢ +e cosy+i(y + ¢ siny)
So
x=¢ +e?cosy (D
y=y¢ + esiny 2)

Q~'has a horizontal component of ¢ + e? cos ¢ to which is added a vertical component
W + e’ siny. We examine three situations: ¢ < -1, -1 <¢ < 0, ¢ > 0. Note that ¢ < -1 is not the

same as the constraint Re(z) < -1 on the channel, but beginning with the w-plane provides a way to
examine the constraints on x and y in the z-plane.

g<-1

When ¢ <-1,¢? =1 / el?l, which implies from (1) that e? decreases exponentially with decreasing ¢,

so x will more closely approximate ¢, and from (2), y will more closely approximate . Hence, as
Vasco noted in his answer, the streamline approaches its ¢ value asymptotically with decreasing ¢.
As ¢ approaches -1 from below, e goes to 1/e, so x = (-1 + (1/e)cosyy). Aty =0,x=(-1 + 1/e) >
-1. When i = +r, ¢ - e? increases with increasing ¢ up to -1 and decreases thereafter. Hence we see
the reversal of the direction arrow on the thick lines y = +x.

-1<¢<0

1
e’ =1 / e|3|, where ¢ = - 1/0 is the negative fractional exponent. Then, as ¢ approaches -1 from

above, e? goes to 1/e and x goes to (-1 + (1/e) cos 1), so x approaches its minimum value in this
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range of ¢ at (-1 -1/e) when ¥ = £, and its maximum value at (-1 + 1/e) when ¢ = 0. Hence, the
intersection in Figure 3 of the red line of potential with the horizontal lines y = +rr at (-1 -1/¢) and
the eastward bulge of the red line of potential near the origin up to (-1 + 1/e). y goes to

¥ + (1/e)siny. Sine has its maximum and minimum at +7/2. Since sinyy =0 aty =+m, y=¢ =
+7 at those values. These are the boundaries of the channel.

As ¢ approaches 0 from below, e? goes to 1 and x goes to cos ¥, which has its maximum value 1
when ¢ = 0 and its minimum value (-1) when { = 7. y approaches (¢ + sin {) = 7 at y = +7. X
approaches -1 at the boundaries.

$>0

As ¢ increases indefinitely, e? goes to infinity. Both x and y can become very large. At large ¢ and
X, y varies from 0 at +7 to (+71/2 + %) within its principle branch where -7 < ¢ < . At ¢ >0, x
reverses direction.

In conclusion, when Re(z) < -1, the streamline approaches its i value asymptotically with decreas-
ing ¢ within the boundaries -7 < Im(z) < n. When Re(z) > -1, the diverging streamlines escape the
boundaries y = +x. The divergence at Re(z) = -1 is gradual, except for the reversal of the boundary
streamlines at y = £ and Re(z) > -1, which happens when ¢ = 0.

x=¢ +ecosy
Q=g+ (1)

Vasco pointed out that, at the horizontal boundaries, X’ = 0 when ¢ = 0, and X’ is negative, so X
attains its maximum (-1) when ¢ = 0.

When ¢ > 0, both x and y can become very large, giving the appearance of a flow released from the
boundaries of its channel. These considerations verify mathematically that the picture may be
interpreted as the flow out of a channel -7 < Im(z) < 7, Re(z) < -1. It is problematic that the flow
reverses at x = -1 on the horizontal boundaries. The fluid is theoretically incompressible and continu-
ous in one direction (implied), so reversal of flow is a contradiction. The contradiction might be
avoided by stipulating that ¢ < 0.



