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9 Continuing from the previous exercise, apply the result as follows:

(i) By taking g = f, deduce that (f ∘ f) has a fixed point.

We know from Exercise 8 that at least one of f, g, or f ∘ g has a fixed point. Since g = f, if g or f has 
a fixed point, then both have a fixed point. If f has a fixed point, then 

(f ∘ f)(p) = f(f(p)) = f(p) = p

showing that (f ∘ f)(p) has a fixed point.

If one of these does not have a fixed point, then neither has a fixed point, in which case (f ∘ f) has a 
fixed point, because one of the three must have a fixed point.

(ii) By taking g = (antipodal mapping) [A], deduce that either f has a fixed point, or f maps some 
point to its antipodal point. 

We are given that g(p) = A(p), so g is not a fixed point. Then the essential fixed point might be 
either f or f ∘ g. If f lacks a fixed point, then f ∘ g must have a fixed point, in which case

f must be the antipodal mapping f(p) = A(p):

(f ∘ g)(p) = f(g(p)) = A(A(p)) = p

QED


