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Figure 1. Spheres in 3

Cross-section through X and Z axes

31. Spheres in 3. Consider a Euclidean sphere of radius R centred at height kR above the horizon of 3. 
Using the derivation of (6.24) as your inspiration, show that the metric of such a sphere is

d s2 = sin2 ϕ dθ2+dϕ2

k+cosϕ 2
.

Referring to figure 1, let Z = R(k + cosϕ). Then

d s = ds
Euclidean height above boundary

      = 
R sin2 ϕ dθ+dϕ2

Rk+cosϕ
=

sin2 ϕ dθ+dϕ2

k+cosϕ

      ⟹d s2 = sin2 ϕ dθ2+dϕ2

k+cosϕ2

Apply the curvature formula (4.10) to confirm that if this sphere lies entirely above the horizon (i.e. k > 1), 
then intrinsically this surface is genuinely spherical, with constant curvature,  = k2 - 1. ...

B =
1

k+cosϕ
,A =

sinϕ
k+cosϕ

= B sinϕ 



∂ϕ (A) = -
1+k cosϕ

k+cosϕ2
= (1 + k cosϕ)B2

∂ϕ (A)B = (1 + k cosϕ)B

∂ϕ ∂ϕ (A)B =
k2-1 sinϕ

k+cosϕ2
= -k2 - 1AB

     

∂θ (B) /A = 0, ∂θ (∂θ (B) /A) = 0

 = -
1
AB
k2 - 1 (-AB) - 0 = k2 - 1

2     tn.vdgaf.ch7.ex31.nb


