Needham, VDGF, Chapter 39, Exercise 7, p. 466.
G. Palmer, July 7,2026, 1:15 pm PT

7. Factorizes in R3. InR?, let W be a general 2-form. Show that W can always be factorized as the
wedge product of two 1-forms: W= a AB.

The 2-form is defined as the wedge product of two 1-forms (34.3).

PAY=PRY- YR QP

A general 2-form in three dimensions must correspond to the wedge product to two general 1-forms
such as the following:

a=-a;dx+a,dy+azdz
B=pidx+B,dy+psdz

Then expand the wedge products to tensor products

aAﬁ:(aldX®BldX—BldX®a1dX)+(aldX®Bzdy—Bzdy®a1dX)+(aldx®,83dz—ﬁ3dz®a1dx)+
(dy®@pBidx-prdx@a,dy) +(a,dy®@Brdy - Bdy®@a,dy) + (a, dy®Bsdz - Bz dz@a, dy) +
+(a3dZ®B1dX—,BldX®a3dZ)+(a3dZ®Bzdy—Bzdy®a3dZ)+(a3dZ®B3dZ—ﬁ3dZ®a3dZ)

After rearranging coefficients, delete all terms with dx®dx, dy®dy, anddz®dz.
anB=(a; B dx®dy-a; B, dy®dx) +(a; Bz dx®dz- a;, B3dz®dx) +
(@ Brdy®@dx -, f1dx®@dy) + (o, f3dy®@dz -, f3dz@dy) +
+Haz f1dz@dx - a3 1 dx®dz) + (a3 B, dz®@dy — a3 B, dy ®dz)

Reduce to wedge products. (Perhaps this and the deletions of like 1-forms could have been done in the
first step.)
aAB=a;BrdxAdy+a; BzdxAndz+a,BidyAdx+a, Bsdy Andz +
+a3 fridzadx+ a3 B, dzAdy

Find like terms by reversing wedge products and rearrange

aAB=(a;Brdxndy+a,Brdyndx)+(a; BzdxAdz+az fidzadx)+(a, Bsdy Adz+ az B,dzAdy)

=(a1 B - B)dxndy + (a1 Bz —az Br)dx Adz+(a, B3 — a3 By)dy Adz
=(a B3~ a3 B)dyndz+(a; Bz —az Br)dxndz+(ay B, - a, Br)dx ndy

By expanding the wedge product of two general 1-forms into tensor products, one can reduce the
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result to a general 2-form with three dual bases that are themselves wedge products, showing that the
general 2-form can always be written as the wedge product of two 1-forms. The components can be
written as the cross product of the coefficients of the two 1-forms, as on p. 380, line -1.

a; B1 a, Bz -az B
Y=axB=|a, |x| B |=| azB1-a1 B3
as B3 aBr-a, By



