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20. Closed and Exact 3-Forms. In  3
 every 3-form Υ  is proportional to the volume 3-form, 

V = dx ∧ dy ∧ dz, and since there are no 4-forms, every 3-form is closed: dΥ = 0. Show that each Υ  is 

exact, by explicitly finding a 2-form potential Ψ  such that Υ = dΨ .

(i) Υ = yzV.

Ψ = ∫yz  xdy ∧ dz = xyz dy ∧ dz

dΨ = d(xyz )dy ∧ dz
      = ∂x (xyz )dx + ∂y (xyz )dy + ∂z (xyz )dz ∧ dy ∧ dz   (by 36.6, p.394))

      = yz dx + xzdy + ∂z xydz = yz dx ∧ dy ∧ dz + xzdy ∧ dy ∧ dz + ∂z xydz ∧ dz ∧ dy
      = yz V + 0 + 0 = yzV =Υ

(ii)  Υ = 2 (x + y + z) V

Ψ = 2 ∫x  xdy ∧ dz + 2 ∫ y  ydz ∧ dx + 2 ∫z zdx ∧ dy

     = x2 dy ∧ dz + y2 dx ∧ dz + z 2 dx ∧ dy
     

dΨ = dx2 dy ∧ dz + dy2 dz ∧ dx + dz2 dx ∧ dy    (by 36.6)

        = ∂x x2 dx + ∂y x2 dy + ∂z x2 dz ∧ dy ∧ dz

        +∂x y2 dx + ∂y y2 dy + ∂z y2 dz ∧ dz ∧ dx

        +∂x z2 dx + ∂y z2 dy + ∂z z2 dz ∧ dx ∧ dy

        

        = (2 x dx + 0 + 0) ∧ dy ∧ dz
        +(0 + 2 y dy + 0) ∧ dz ∧ dx
        +(0 + 0 + 2 z dz) ∧ dy ∧ dz
        

        = 2 x dx ∧ dy ∧ dz + 2 y dy ∧ dz ∧ dx + 2 z dz ∧ dx ∧ dy
        = 2 x dx ∧ dy ∧ dz + 2 y dx ∧ dy ∧ dz + 2 z dx ∧ dy ∧ dz
        

     = 2 (x + y + z) V =Υ


