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19. Closed and Exact 2-Forms. Verify that each of the following 2-forms is closed. Then show that each is 

exact, by explicitly finding a 1-form potential φ  such that Ψ = dφ .

(i) Ψ = 3 x2 y4 dx ∧ dy

dΨ = d3 x2 y4 dx ∧ dy

       = ∂x 3 x2 y4dx + ∂y 3 x2 y4dy ∧ dx ∧ dy

       = 6 xy4 dx ∧ dx ∧ dy + 12 x2 y3 dy ∧ dx ∧ dy
       = 6 xy4 dx ∧ dx ∧ dy - 12 x2 y3 dx ∧ dy ∧ dy 

       = 0 - 0 = 0 (because dxi ∧ dxi = 0)
       

Since dΨ = 0, Ψ is closed.

Let constants  of integration  be 0.
       

φ = ∫3 x2 y4  xdy = 3× 1
3
x3 y4 dy = x3 y4 dy

dφ = ∂x x3 y4dy + ∂y x3 y4dy

      = 3 x2 y4 dx ∧ dy + 4 x3 y3 dy ∧ dy
      = 3 x2 y4 dx ∧ dy =Ψ    (because dy ∧ dy = 0)
      

Since dφ =Ψ, Ψ is exact.

(ii) Ψ = 2 xyz3 dx ∧ dy - 3 x2 yz2 dy ∧ dz

Use dxi ∧ dxi = 0.

dΨ = d2 xyz3 dx ∧ dy - d3 x2 yz2 dy ∧ dz

dΨ = ∂x 2 xyz3dx + ∂y 2 xyz3dy + ∂z 2 xyz3dz ∧ dx ∧ dy

        -∂x 3 x2 yz2dx + ∂y 3 x2 yz2dy + ∂z 3 x2 yz2dz ∧ dy ∧ dz

        = 0 + 0 + ∂z 2 xyz3dz ∧ dx ∧ dy - ∂x 3 x2 yz2dx ∧ dy ∧ dz + 0 + 0

        = 6 xyz2 dz ∧ dx ∧ dy - 6 xyz2 dx ∧ dy ∧ dz
         = 6 xyz2 dx ∧ dy ∧ dz - 6 xyz2 dx ∧ dy ∧ dz
         = 0
         

dΨ = 0, so Ψ is closed.

φ = ∫2 xyz3  xdy -∫3 x2 yz2  ydz



   = x2 yz3 dy - 3
2
x2 y2 z2 dz

   

dφ1 = ∂x x2 yz3dy +∂z x2 yz3dy

        = 2 xyz3 dx ∧ dy - 3 x2 yz2 dy ∧ dz      (dxi ∧ dxi = 0

This part gives us the original Ψ. See below.
        

dφ2 = ∂x -
3
2
x2 y2 z2dz +∂y -

3
2
x2 y2 z2dz

         = -3 xy2 z2 dx ∧ dz - 3 x2 yz2 dy ∧ dz
 This part is not needed.
         

Ψ = 2 xyz3 dx ∧ dy - 3 x2 yz2 dy ∧ dz

Therefore, φ = ∫2 xyz3  xdy = x2 yz3 dy.

Since dφ =Ψ, Ψ is exact.
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