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13. Closed and Exact Forms. If you did not do so earlier, prove each of the following facts:

(i) If γ and Φ are closed, then γ ∧ Φ  is closed, too.

 If γ and Φ are closed, then dγ = dΦ = 0. Show that d(γ ∧Φ ) = 0.

d(γ ∧Φ ) = dγ ∧Φ + (-1)degγ γ ∧ dΦ

       = 0 ∧Φ + (-1)degγ γ ∧ 0 = 0 + 0 = 0
       

as was to be shown.
      

      

(ii) If γ is closed, then γ ∧ dΦ  is closed for all Φ.

If γ is closed, then dγ = 0.

d(γ ∧ dΦ) = dγ ∧ dΦ + (-1)degγ Φ ∧ d(dΦ)

       = 0 ∧ dΦ + (-1)degγ Φ ∧ 0 = 0 + 0 = 0
       

as was to be shown.

(iii) If degree Φ is even, then Φ ∧ dΦ  is closed. Hint: See (35.4).

If degree Φ is even, then dΦ is odd, so dΦ ∧ dΦ = 0. Show that d(Φ ∧ dΦ) = 0.
  

d(Φ ∧ dΦ) = Φ ∧ d(dΦ) + (-1)2 n dΦ ∧ dΦ

=Φ ∧ 0 + (-1)2 n 0 = 0 + 0 = 0

as was to be shown.


