Needham, VDGF, Chapter 39, Exercise 12, p. 467.
G. Palmer, August 3, 2026, 1:50 pm, PT

12, Closed and Exact Forms. Continuing with the Forms of Exercise 11, compute each of the following
external derivatives, (A) directly; (B) using the Leibniz product rule, (36.8).

@=2xdx+2ydy+2zdz
X =xydz
y=xdyndz+ydxndz
(i) d(X A X).
Directly:
d(X A X) =0 because X =xydz is odd (a 1-form).

d(xydz A xydz) = d(x* y*)dz Adz =0 because dz A dz=0.

Leibniz:
dXAX)=dXA X+ (-1)' XA dX=dXA X-XAdX

SYAX-XANYP=WPWAX+YrX=2prX
=2(xdyAndz+ydx ndz) Axydz= 0becausedzAdz=0
(ii) d(@ A X).
Directly:
d([2xdx +2ydy +2zdz] Axydz) =d(2 xdx Axydz) + d(2 ydy A xydz) + d(2 zdz A xydZz)
=d(2xdx Axydz) +d(2 ydy Axydz) = d(2 x* ydx ndz) + d(2 xy* dy A dz)

Because taking the partial of a form component introduces a basis and wedge d,, ,A, one can only

take 8, f of 2 x? ydx Adz and only 8, f of 2xy* dy A dz.
=2x*dyndxndz+2y*dxndyndz=-2x*dxndyndz+2y*dxndyndz
denX)=2(y*-x*)dxndyndz

Leibniz: We know from Exercise 11, part (i) that de =0 and from part (ii) that
py=dX=ydxndz+xdynd:z.
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dprnX)=dprX-prdX=-pAdX
=—2xdx+2ydy +2zdz) A (xdy Adz + ydx AdZ)

Excluding multiples that contain vanishing wedge combinations,
=-2xdxAxdyndz+2ydyAydx ndz)
=-(2x*dxndyndz-2y*dxAydy ndz)

=2(y*-x*)dxndyndz

(iii) d(@ A W).

Directly:
dienAW) =d[2xdx +2ydy +2zdz) A (xdy Adz + ydx A dZ)]

=d2xdxAxdy ndz+2ydy A ydx Ad2)
=d(2x*dxndyndz+2y*dyndxndz)=0
Because every dx, dy, and dz is annihilated by the external d.
Leibniz: @ and W are both closed, so
depA¥P)=doAW-pAd¥Y=0AP-pA0=0
(iv) d(X A W)
Directly:
d(XAW)=d[xydzA(xdy ndz + ydx AdZ)]
=d(0+0)=0 (becausedzAadz = 0)
Leibniz: From Exercise 11 (ii), W is closed, and dX = W.

dXAP)=dX AP -XANd¥Y =W AW -XA0=0-0=0
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