Needham, VDGF, Chapter 39, Exercise 11, p. 467.
G. Palmer, Aug 2, 2026, 4:15 pm, PT

11. Closed and Exact Forms. InR 3, let

@=2xdx+2ydy+2zdz
X =xydz
w=xdyndz+ ydxndz

(i) Verify that @ is closed, and explain this by showing that it is exact: @ = dr?, where r is the distance from
the origin.

Refer to the spherical model in [35.1] and use the equations:
x=rsin¢cosf=rspcho
y=rsingsinB@=rs¢so
Z=rcos¢=rceo
dx)=drs¢pcO+rcgpdpcO-rsps6do
dly)=drs¢s+rcpdpsO+rs¢pcodo
d(z)=drcgp-rspde
@=2{rs¢pcO(drspcO+rcpdpcO-rs¢ps6do)]
+[rs¢psO(drs¢psO+rcpdps6+rs¢pcodb))
+reg(dreg-rsode)l}

=2{rdr(s>pc® 0+5* ps* 0+c* @) +r’[(spcOcpdpcO+s¢sOcpdpsd-cPpspde)
+s¢pcO(-s¢psOdO) +spsOspcOdB)] Collect bydr,dg, db.

=2{rdr(s>¢ +* @)+ r’[(spcd 2 O+spcps’ 6 —chpsp)dp (c*+s°=1)
+(-s¢pcOspsO +s¢psOs¢pcH)do)}

=2{rdr+r’[0-d¢+0-d6]}

=2rdr=d(r*)=dr?

This is what we wanted. But one can also verify that @ is closed by taking the derivative of 2r dr.
do=d(2rdr)=2d(rdr)=2[dr Adr + rd(dr)]=0+0 (Leibniz)

d(2rdr) = 0, because “every form is annihilated by two applications of d.” (p. 396). The same
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principle appliestodgp=2xdx +2 ydy + 2 zdz.

(ii) Verify that W is closed and explain this by showing that it is exact: W = dX .

d requires one to sum the partials and insert an initial "d, , ,A" form for each partial into the basis,

canceling results with duplicate d forms.
dX=d(xydz)=ydxAndz+xdyndz+0=y

Aform is exact if it is a derivative. Since s a derivative, itis closed. dw =0
dy=d(ydxndz)+d(xdyndz)=(0+dyAdxAndz+0)+(dxAdyAdz+0+0)

=dyndxndz+dxndyndz=-dxndyndz+dxndyndz=0



