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11. Closed and Exact Forms. In  3, let

φ = 2 xdx + 2 ydy + 2 zdz
 = xydz
ψ = xdy ∧ dz + ydx ∧ dz

(i) Verify that φ is closed, and explain this by showing that it is exact: φ = dr2, where r is the distance from 

the origin.

Refer to the spherical model in [35.1] and use the equations:

x = r sinϕ cos θ ≡ r sϕ cθ
y = r sinϕ sinθ ≡ r sϕ sθ
z = r cosϕ ≡ r cϕ

d(x) = dr sϕ cθ + r cϕ dϕ cθ - r sϕ sθ dθ
d(y) = dr sϕ sθ + r cϕ dϕ sθ + r sϕ cθ dθ
d(z) = dr cϕ - r sϕ dϕ

φ = 2 {[r sϕ cθ (dr sϕ cθ + r cϕ dϕ cθ - r sϕ sθ dθ)]
+[r sϕ sθ (dr sϕ sθ + r cϕ dϕ sθ + r sϕ cθ dθ)]
+[ r cϕ (dr cϕ - r sϕ dϕ)]}

= 2 r dr s2 ϕ c2 θ + s2 ϕ s2 θ + c2 ϕ + r2[(sϕ cθ cϕ dϕ cθ + sϕ sθ cϕ dϕ sθ - cϕ sϕ dϕ)

+sϕ cθ (-sϕ sθ dθ) + sϕ sθ sϕ cθ dθ)]     Collect by dr, dϕ, dθ.

= 2 r dr s2 ϕ + c2 ϕ + r2sϕ cϕ c2 θ + sϕ cϕ s2 θ - cϕ sϕ dϕ   c2 + s2 = 1

+(-sϕ cθ sϕ sθ + sϕ sθ sϕ cθ )dθ]}

= 2 r dr + r2[0 ·dϕ + 0 ·dθ]

= 2 r dr = dr2 = dr2

This is what we wanted. But one can also verify that φ is closed by taking the derivative of 2r dr.

dφ = d(2 rdr) = 2d(rdr) = 2 [dr ∧ dr + r d(dr)] = 0 + 0     (Leibniz)

d(2 rdr) = 0, because “every form is annihilated by two applications of d.”  (p. 396). The same 



principle applies to dφ = 2 xdx + 2 ydy + 2 zdz.

(ii) Verify that Ψ  is closed and explain this by showing that it is exact: Ψ = d .

d requires one to sum the partials and insert an initial "dx,y,z∧" form for each partial into the basis, 

canceling results with duplicate d forms.

d = d(xydz) = ydx ∧ dz + xdy ∧ dz + 0 =ψ

A form is exact if it is a derivative. Since ψ is a derivative, it is closed. dψ = 0

dψ = d(ydx ∧ dz) + d(xdy ∧ dz) = (0 + dy ∧ dx ∧ dz + 0) + (dx ∧ dy ∧ dz + 0 + 0)

= dy ∧ dx ∧ dz + dx ∧ dy ∧ dz = -dx ∧ dy ∧ dz + dx ∧ dy ∧ dz = 0
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