Needham, VDGF, Chapter 39, Exercise 10, p. 467.
G. Palmer, Aug 1,2026, 10 pm, PT

10. Factorizes in R . Show that any 3-form in R* can be expressed as the wedge product of three 1-forms.

Use equation (35.3) to multiply three 1-forms ¢, g, y. There is no restriction on the number of dimen-
sions of the space in which the 1-forms are defined.
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Since there are no restrictions on the 1-forms, once equation (35.3) is proven, it seems sufficient. But
Needham doubtless wanted something more.

Let the following be general 1-forms in R*.

Y=vidw+y,dx+ysdy+y,dz
P=01dw+ @ dx+@3dy +@,dz
) Y=y dw+ y,dx+ w3dy + @, dz

Using indices 1..4 on the components y;, @;, Wy correspond to w, x, y, z, multiply out the three 1-forms
as sums of wedge product 3-forms. Cancel wedge product summands such as dx Adz A dz containing
bases where any two 1-forms are the same. Rearrange like combinations of three basis 1-forms and
combine by summing the 1-form components. The result is:

(Vo(@1 W2 = @2 1) + Y1(@2 Wo = o Ya) + V2o Y1 — @1 Yo)dw Adx ndy
(Vo(@1 W3 = @3 1) + Y1(@3 Yo — Po W3) + v3(Po Y1 — @1 Yo)dw Adx Ndz
(Vo(®2 W3 = @3 ) + ya(Ps Wo — o W3) + V3(Po Yo — @2 Wo) dw Ady A dz
(V1(@2 W3 = @3 W2) + Va(P3 Y1 = @1 Y3) + v3(@1 Yo — @ Yr) dx A dy Adz

Since the 1-forms are general, these four 3-forms appear to represent all the possible combinations
deriving from y+(@ x ). They represent the volume of four parallelopipeds in 4-space.



