Needham, VDGAF, Chapter 20, Exercise 20, p. 224

Palmer, February 4,2024, 1:45 pm PST

20. Curvature of the n-Saddle. Given that the height of the n-saddle is z=f(r, 6) = r" cos n6, use (20.4) to
prove that its (negative) curvature is constant on each circle r = const., and is given by the following

formulas.

(i) The common 2-saddle (surrounding a generic hyperbolic point) has

r? 67 f(5f +r 0,F)~(06f -1 8,961 )°

> (20.4)
{r[1+(erF7]+(@6f)}

To find the solution for K, take the derivatives of f and substitute into (20.4) using C = cosnf, S=sinné.
f(r, 8)=r’cos20=r>C
6,f=2rcos26=2rC
92f=2c0s20=2C
dof =-2r*sin26=-2r>S
05f=-4r*cos26=-4r’C
0,09f =-4rsin20=-4rS

r’20) (—4 r? C+r(2 rC))—[—Z 2 S-r@4rS)f

{r2[1+(2 rOpJ(-2r? 5)2}2

XK =

(—8 r* C244r* cz)-[4 r*s?-2 (8 r SZ)+16 r 52]
{r2(1+4 r? C2)+ 4rt Sz}z

__4 rtC2-4rs?
{r2(1+4 r"(CZ+$2)}2

=—= €%+ S2 =1, both top and bottom

This is what we wanted. K is constant where r = const.
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(ii) The monkey 3-saddle has

3612
(149 r“)2

f(r,0)=r’cos36=rC
8,f=3r>cos36=3r’C
’f=6rcos30=6rC
8sf=-3r3sin36=-3rS
3f=-9r3cos36=-9rC
0,0of =-9r*sin26=-9r>S

r’er C(—9 r3 C+r3r? C)—(—3 r S—r(—9 r? S))2 5 5
K = C” +S° =1, both top and bottom

[Pl3r -3 s

-36r° _ 36r° ___3er

(r2+9 r®c%+9r8 52)2 r2(1+9 r*c2+9rt SZ)Z (1+9 r“)2

This is what we wanted. K" is constant where r = const.

(iii) The n-saddle has

222,20

g = o
(r2+n2 rzn)z

f(r, 8)=r"cosn@=r"C

8, f =nr™YcosnB=nr"YC
?f=(n-1)nr"? cosnf=(n-1)nr"2 ¢
0gf =-nr"sinnf=-nr"S

05f=-n*r"cosn@=-n*r"C



0,0of ==n*r"Vsinn@=-n?r"Vs
rve
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K =(r*(n- 1) nr™2 C(-n*r" C+ rnr™ 1V €) = (-nr" S = r(-n? ™V 5))2)/{r2[1 +(nr™Y C)z] +(-nr" 5)2}2

(n-1)n C(-n2 r2" Canr?n C)—(—nr” S+n?r" 5)2

{r2[1+(n r(n-1) C)2]+(—nr” S)Z}2

-(n-1) n( n*r2n C2)+(n—1) (n2 r2n Cz)—[n2 r’ns2_ n(n2 r2n 52)+n2(n2 r2n SZ)]

{[r2+n2 20 C2]+n2 20 52}2

_ (=(n=1)n)+ (n-1))n* 2" C>- (1 -2n+n ) r2n s?

{r2+n2 rZ”(C2+52)}

_ =(n-1?n? 2" C~(n-1)>n? 2 s? _ —(n- 122 127(C%+S?)

{r2+n2 rZ”} {r +n%r 2”}

(n 1)2 n2 r2n

{r2+n2 r ”}

This is what we wanted. K is constant where r = const.

In every case, K is negative and constant where r = const.



