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Figure 1. a•M(b) = b•M(a)

σ1=0.75, σ2=1.25

M={{σ1,0},{0,σ2}}
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a•M(b)=b•M(a)

P.  158. (15.16) Verify this both algebraically and geometrically: A linear transformation M is symmetric 

(i.e., MT = M) iff

a•M(b) = b•M(a)

for all a and b.

It was given in (15.13) that a linear transformation M is symmetric if it has twist 0, which implies that it 
has orthogonal eigenvectors, and it was given in (15.15) that M is symmetric if it has orthogonal eigen-
vectors with eigenvalues σ1

2
 and σ2

2. Then we can write:

M =
σ1 0
0 σ2

, which is orthogonal because the dot product of the two columns vanishes.

M(a) =
σ1 0
0 σ2

.
a1
a2

=
a1 σ1
a2 σ2

⟹M(b) =
b1 σ1
b2 σ2



a•M(b) =
a1
a2

•
b1 σ1
b2 σ2

=
a1 b1 σ1
a2 b2 σ2

=
b1
b2

•
a1 σ1
a2 σ2

= b•M(a)

For a geometric validation, see Figure 1.
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